Abstract. We study the regularity of orbits for the natural action of a Lie subgroup G of GL(V ), where V is a finite dimensional real vector space. When G is connected, abelian, and satisfies a certain rationality condition, we show that there are two possibilities: either there is a G-invariant Zariski open set Ω in which every orbit is regular, or there is a G-invariant conull G δ set in which every orbit is not regular. Moreover, under the rationality condition, an explicit characterization of almost everywhere regularity is proved.
introduction
For the continuous action of a group on a topological space, the orbit of a point is said to be regular if the relative topology on the orbit coincides with the quotient topology that the orbit carries as a homogeneous space. Given a finite dimensional real vector space and a subgroup of GL(V ) that is discretely or continuously generated by a finite subset of gl(V ), we consider the broad and somewhat vague question: are there general conditions on the generators that will ensure that the orbit of almost every point is regular? In the case of one generator, when the group is exp RA, or exp ZA, then it is relatively easy to describe necessary and sufficient conditions on A in order that the orbits are almost everywhere regular. In fact, one finds that 1. If A is not diagonalizable then almost all orbits are regular, 2. If A is diagonalizable, and there is at least one non-purely imaginary eigenvalue or if all the eigenvalues are purely imaginary and they generate a discrete additive group, then almost all orbits are regular, 3. If A is diagonalizable, all the eigenvalues are purely imaginary and they generate a dense additive subgroup in iR, then almost all orbits are singular. Moreover, in the case of one generator exactly one of the following obtains: either there is a G-invariant Zariski open subset Ω in V in which all orbits are regular, or there is a G-invariant, conull, G δ subset U of V in which every orbit is not regular. When there is more than one generator, the problem becomes much more difficult.
The motivation for the study of this question arises in part from its close relation to admissibility. Let G be a subgroup of GL(n, R) and let τ be the unitary representation of R n G induced by the trivial character of G, acting in L 2 (R n ). Fix ψ ∈ L 2 (R n ) and for f ∈ L 2 (R n ) define W ψ f by W ψ f (x, s) = f, τ (x, s)ψ , x ∈ R n , s ∈ G.
We say that ψ is weakly admissible if W ψ is a well-defined, bounded, injective map from
, and ψ is admissible if W ψ is an isometry. Now put V =R n ; and (regarding G as a subgroup of GL(V )) for ψ ∈ L 2 (R n ) put
Then ψ is weakly admissible if and only if c ψ is bounded and non-vanishing almost everywhere, and ψ is admissible if and only c ψ = 1 almost everywhere. We say that G is (weakly) admissible if τ has a (weakly) admissible vector.
It is well-known that if G is weakly admissible then G is necessarily closed and almost all of the stabilizers G(v), v ∈ V are compact. In [9] it is shown that if these necessary conditions hold and in addition for almost every v ∈ V , the -stabilizer G (v) = {s ∈ G : |s·v − v| ≤ } is compact for some > 0, then G is weakly admissible. But if for some v the stabilizer G(v) is compact, then v has a compact -stabilizer if and only if the orbit is regular [5] . Thus, a sufficient condition for almost everywhere regularity provides a method for finding weakly admissible groups. The necessity of the -stabilizer condition for weak admissibility remains open, but in [6] , it is shown that, if G is closed and G(v) is compact almost everywhere, then G is weakly admissible if and only if there is a conull, G-invariant Borel subset Ω of V that admits a Borel cross-section for its orbits. Existence of a Borel cross-section is only provisionally related to regularity: by the fundamental results in [4, 7] , if Ω is a locally compact G-space, then Ω admits a global Borel cross-section for its orbits if and only if all orbits in Ω are regular. We say that a subgroup G of GL(V ) is regular if there is a locally compact, G-invariant, conull, Borel subset Ω of V in which every orbit is regular. By the above, if a closed subgroup of GL(V ) is regular and has almost everywhere compact stabilizers, then it is weakly admissible. We remark that it is trivial to check whether a weakly admissible group is admissible: if G is weakly admissible, then it is admissible if and only if R n G is not unimodular.
In the present work we consider the case where G is the exponential of the real linear span g of a finite subset of commuting elements in gl(V ), or in other words, G is a connected abelian Lie subgroup of GL(V ). Here, as is described below and also in [3] , G can be identified with a group of complex, lower triangular matrices in block form, so that the semisimple part of each block is a scalar multiple of the identity. On each block these scalar values are given by characters Λ on G of the form Λ(exp X) = e λ(X) where λ is a linear form on g; we call such linear forms roots and the corresponding characters root characters. Now suppose that we are given such a group G and we want to determine whether G is regular. If the imaginary part of each root is a scalar multiple of the real part, then (since G is connected and the action of G is of exponential type) all of its orbits are regular [2] . Otherwise, let G 1 be the set of all elements of G that lie in the kernel of all root characters. Since some of the roots have independent imaginary parts, G 1 is not necessarily connected, and so even though G 1 is unipotent, it may not be regular. Roughly speaking irregular orbits can arise as a result of two distinct characteristics: either from an irrational relation between imaginary parts of the various roots, or from an irregular action of the discrete part of the group G 1 .
Much of the work in this paper is devoted to understanding the action of G 1 and its relation to that of G. We show that if G is regular, then G 1 is regular, and that if G 1 is not regular then there is a G-invariant, conull, G δ subset U of V in which all G-orbits are not regular. Moreover, we present an explicit procedure for computing a Zariski open subset Ω 0 of V and for each v ∈ Ω 0 , a subset ∆(v) of gl(V ), so that G 1 is regular if and only if the function ∆ is constant and its value is a closed set. We define precisely a rationality condition on (the imaginary parts of) the roots and prove that if G satisfies the rationality condition, then G is regular if an only if G 1 is regular. Thus we obtain the following method for "finding" regular and admissible connected abelian groups:
1. Check the rationality condition for G. If yes, then 2. compute G 1 , Ω 0 , and for v ∈ Ω 0 compute ∆(v). 3. Determine whether ∆(v) is constant. If yes, then put ∆ = ∆(v), and 4. determine whether the set ∆ is closed. If yes, then G is regular. 5. Compute the stabilizers G(v). If they are compact almost everywhere and G is closed, then G is weakly admissible.
In Section 2 we provide topological background and prove several characterizations of regularity for an orbit of an analytic group action. The projective action of a Lie group on a fiber bundle is considered in Section 3, and there we prove a crucial result (Proposition 3.1) concerning the relations between regularity of actions on the base space, fibers, and total space. We consider linear actions on a finite dimensional vector space V in Section 4, where we define the rationality condition, and if this condition is satisfied, we give an algorithm for computing an explicit presentation of the unipotent group G 1 . We then study the action of G 1 by first studying a unipotent connected action: we construct the smallest analytic unipotent subgroup N of GL(V ) containing G 1 , and using a standard algorithm, we compute an N -invariant Zariski open subset Ω 0 of V where the N -action is simply described. At this point the G 1 -orbits in Ω 0 are embedded in the N -orbits in a very transparent way and this permits the computation of ∆ (Lemma 4.13) and the main criterion for regularity of G 1 . It turns out that Ω 0 is also G-invariant, and we use Proposition 3.1 to obtain an explicit Zariski open set Ω in V , included in Ω 0 , such that if G satisfies the rationality condition, then every G-orbit in Ω is regular if and only if every G 1 -orbit in Ω 0 is regular.
analytic group actions and regular orbits
Much of this section is issued from [10] , essentially Sections 1.1 and 2.9.
A smooth map ϕ : M −→ N from a m-dimensional C ∞ manifold M into a ndimensional manifold N is an immersion if dϕ x is injective for any x in N , ϕ is an embedding if it is an one-to-one immersion, it is a regular embedding if it is an embedding and a homeomorphism between M and ϕ(M ), equipped with the relative topology coming from the N topology. Proof. First, since ϕ is an immersion, for any x in M , if y = ϕ(x), by the maximal rank theorem, we can find open neighborhoods U for x, V for y, equipped with local coordinates ξ :
; U is open in M and, with the above expression of ϕ,
It follows that ϕ(M ) is locally closed: for each x ∈ M choose such open subsets U x , V x for any x in M as above, and put
x∈M V x = N , and for any z in ϕ(M ) ∩ N there is x such that z is in V x , and a sequence (z n ) in ϕ(M ) converging to z. If n is larger than some p, z n is in the closed subset ϕ(M ) ∩ V x of V x , thus z also belongs to ϕ(M ) ∩ V x , and hence
Suppose now that G is a Lie group acting analytically on an analytic manifold N . Given x ∈ N , we denote by G(x) the stability subgroup of x. It is closed in G and we let G/G(x) have the quotient topology, which is Hausdorff, locally compact, and second countable. The natural map ϕ x : G/G(x) −→ N defined by gG(x) → g ·x is well-defined, one-to-one, and G-equivariant. Since G/G(x) has the quotient topology, ϕ x is continuous. Moreover, there is a unique analytic structure on G/G(x) such that it becomes an analytic manifold, the natural action of G on G/G(x) is analytic, and ϕ x is an immersion. We say that the orbit O = G·x of x is a regular orbit if the map ϕ x is a regular embedding. This property does not depend upon the choice of x in O.
A topological space X is a Baire space if the Baire's lemma holds for X: if (U n ) is a sequence of dense open subset of X, then ∞ n=1 U n is still dense in X. Any locally compact space is a Baire space. 
We get O = ∞ n=1 g n .ϕ x (K) and each g n .ϕ x (K) is compact thus closed. By the Baire lemma, one of these subsets has a non-empty interior. Since, they are all homeomorphic to ϕ x (K) through the map z → g −1 n .z, ϕ x (K) has a non empty interior W and we put
Let U be any open subset in G/G(x); then U is the union of a family of subsets g i ·U i , with g i ∈ G and U i open subset in V 1 . Thus
is open in O. This shows that ϕ x is an open map; hence ϕ x is homeomorphism and O is regular.
Let q : G −→ G/G(x) be the canonical mapping; in what follows we will also write
Since G(x) is a closed Lie subgroup of G, then G/G(x) has a structure of a differentiable manifold, with a local chart around the base point 
To simplify a proof in the next section, we express the preceding proposition in a little bit different way: Corollary 2.3. The orbit O = G·x is regular if and only if, for any compact neigh-
Proof. Suppose O regular and let K be a compact neighborhood of 1 in G.
Conversely, suppose that the condition of the corollary holds. To show that O is regular it is enough (as in the preceding lemma) to show that ϕ x : G/G(x) −→ O is an open map. Indeed, let U be any open subset of G/G(x) and choose any s ∈ G such that [s] ∈ U. Then s −1 U is a neighborhood of [1] , so by the remark preceding the corollary,
Let Ω be a G-invariant subset of N . We say that Ω is G-regular if all the orbits in Ω are regular. The following is a consequence of the fundamental work of Glimm and Effros. 1. Ω is regular.
Ω/G is countably separated.
3. Ω/G possesses the T 0 separation property.
4.
There is a Borel subset Σ of Ω that meets each G-orbit in exactly one point.
Group action on a fiber bundle
Suppose that π : X −→ W is a fibre bundle with fiber Z, and that G is a Lie group acting smoothly and projectively on X, through (s, x) → s·x. Then there is a smooth G-action (s, w) → b(s)w such that, for any s ∈ G and x ∈ X,
For each w ∈ W , denote by i w the homeomorphism from π −1 (w) onto Z; the group action on X gives rise to a collection of mappings φ w (s) : Z −→ Z, s ∈ G, such that, for any s and x, i b(s)w (s·x) = φ w (s)(i w (x)), or
In the present paper, we consider only two simple cases of this situation:
1. Smooth action on product manifold. In this case, X is the trivial bundle W × Z, and the action has the form (s, w, z) → (b(s)w, φ(s)z), where φ is a G-action on Z. The typical example is the action of R on
. Identifying C × with the product manifold (R × + ) × T where T is the one dimensional torus, through z = re iθ → (r, e iθ ) = (|z|, sign(z)), the action becomes
where Λ ε (t) is the character sign(Λ(t)).
Linear action with an invariant subspace.
In this case, the total space is a finite dimensional vector space V , and we suppose that G acts linearly on V , and that V contains a subspace Z which is G-invariant. Then there is a natural linear G-action on the quotient space W 0 = V /Z, defined by b(s)(v + Z) = s·v + Z. Let us fix a supplementary space W for Z in V . We can identify W 0 with W and the canonical map
and the map φ w (s) is the affine map
In these two cases the fiber bundle is trivial: the total space is identified with a product W ×Z and the action is written as (s, w, z) → (b(s)w, φ w (s)z). For simplicity of notation, we assume that the bundle is trivial in the following proposition.
For w ∈ W , put G(w) = {s ∈ G : b(s)w = w}; then the relation (3.1) shows that the action of G(w) on X naturally induces an action on Z by
We have the following: 
) is a neighborhood of z 0 in Z, the corollary implies that ω is regular. Now suppose that both O 0 and ω are regular. Let K be any compact neighborhood of 1 in G; K contains a compact neighborhood of 1 of the form exp(M )K w 0 (M and K w 0 are as above).
Since ω is regular, we have a neighborhood Z of z 0 in Z such that
By continuity of f , we have a compact neighborhood M of 0 in m, a neighborhood W of w 0 in W , and a neighborhood Z of z 0 in Z such that
We may assume that M ⊂ M , and moreover, −M = M .
Since O 0 is regular, we have a neighborhood W of w 0 in W such that
We can choose W ⊂ W.
Then w ∈ W ∩ O 0 , and so we have X ∈ M such that w = b(exp X)w 0 . Now (−X, w, z) belongs to M × W × Z , and hence
Hence exp −X ·x belongs to {w 0 } × φ w 0 (K w 0 )z 0 and so
Thus the claim is proved. Now by Corollary 2.3, O is regular.
Linear action of a connected abelian group
Let V be a finite dimensional real vector space and let G be a Lie subgroup of GL(V ); we say that G is regular if there is a locally compact, invariant, conull Borel subset Ω of V such that Ω is G-regular for the natural action of G on V . Now suppose that G is connected and abelian; we are looking for those G which are regular. We remark that we do not assume that G is closed in GL(V ).
Example 4.1. Let us recall a very well-known example: the Mautner group is the semidirect product C 2 R, where the action of s ∈ R is given by the complex 2 × 2 matrix
In this example V = C 2 R 4 and G is the one-parameter group above. The group G is therefore not closed in GL(V ) (it is dense in the set of unitary diagonal matrices).
t : |u j | = |v j |, j = 1, 2}. Since the union of these orbits is conull, G is not regular.
Throughout the paper, we use the following notation: given e 1 , e 2 , . . . , e q elements of a vector space over a field K, denote the K-span of these elements by (e 1 , e 2 , . . . , e q ) K .
Let g be a commutative Lie subalgebra of gl(V ) and G = exp(g). Using the complexification V C of V and the conjugation σ : u → u, we can write a convenient matrix representation for elements of g.
A complex form λ is a root for the action of g if, for each X ∈ g, λ(X) is an eigenvalue for X. If λ is a root, the corresponding generalized eigenspace for λ is
Since g is abelian, V C = ⊕ λ E λ and for each λ, XE λ ⊆ E λ for all X ∈ g. If λ is real, σ(E λ ) = E λ ; otherwise there is λ such that λ = λ and E λ = σ(E λ ). From now on, fix an ordering for the roots such that λ 1 , . . . , λ r are real, λ r+1 , . . . , λ p are not real, and
where it is understood that if there are no real roots, then r = 0. Put E j = E λ j for all j. Now V is the following real subspace in V C :
Then the map ι : V −→ V C , defined by ι(v) = j≤r v j + r<j≤p w j , is a bijection between V and the space j≤r (E j ∩ V ) ⊕ r<j≤p E j . Put
Since ι is a homeomorphism, the orbit of x in V is regular if and only if the orbit of ι(x) is regular in ι(V ). Therefore we identify V with From now on, we fix a basis {f
This means that the roots are:
and that we identify V with R ⊕ C 2 as follows. Define elements of V C by f and put Λ j (s) = |Λ j (s)|Λ ε j (s), s ∈ G. It is natural to consider two subgroups of G:
ker |Λ j | is connected and in fact G 0 = exp g 0 where g 0 = ∩ p j=1 ker α j . On the other hand, G 1 = ∩ p j=1 ker Λ j may not be connected. Though both are closed subgroups of G, they may not be closed in GL(V ). Roughly speaking, the action of G is a combination of the action of the characters Λ j , and the unipotent action of G 1 . In what follows we shall make this statement precise.
First we describe both G 0 and G 1 more explicitly. Let (A 1 , . . . , A q ) be a basis of g and consider the system of equations:
The Lie algebra g 0 is obtained as follows:
is a solution for the system of equations in (4.1) .
On the other hand, the group G 1 can be described as
. . .
Observe that Γ 1 := exp −1 (G 1 ) is an additive subgroup of g 0 ; it is crucial that we describe Γ 1 explicitly, and to do so, we introduce some terminology. A lattice in a real vector space is a discrete additive subgroup; observe that every additive subgroup of a lattice is itself a lattice. Given a lattice L, a lattice basis for L is a linearly independent subset
It is not difficult to construct a lattice basis, but construction of lattice bases with additional properties is more difficult (see for example [8] .) Put k = g 0 ∩ (∩ j ker β j ); then k is the Lie algebra of G 1 and the space k ⊥ of linear forms on g 0 vanishing on k is exactly (β 1 | g 0 , . . . , β p | g 0 ) R . Take a basis (β i 1 | g 0 , . . . , β i k | g 0 ) for this space and choose D 1 , . . . , D k in g 0 so that g 0 = k + k s=1 RD s and so that
Then exp X belongs to G 1 if and only if, for each 1 ≤ j ≤ p:
Especially, for j = i s , this gives u s ∈ 2πZ, and hence
2πZD s /k is a lattice in the vector space g 0 /k, and hence the closed additive subgroup Γ 1 /k of L is a lattice. Choosing a basis for Γ 1 /k, we thereby obtain a linearly independent subset {B 1 , B 2 , . . . , B m } of g 0 such that
We will see below that if the roots β j are rationally related, then there is a relatively simple algorithm for constructing the generators B 1 , B 2 , . . . , B m .
Next we define an invariant subspace Z of V for which G 1 is the stabilizer of the action on V /Z for almost all points in V /Z. For each j = 1, 2, . . . p, define the subspace Z j of V j by
Then Z is G-invariant and W is naturally isomorphic with V /Z. For w = w 1 f
As described in Section 3, we now regard V as a (trivial) fiber bundle over W with fiber Z. By construction of W and Z, the quotient action (s, w) → b(s)w of G on W is diagonal: for each s ∈ G, w ∈ W ,
Clearly Ω W is invariant for the G-action (4.3) and hence Ω 1 is G-invariant. Note that for each w ∈ Ω W , G(w) = G 1 .
Let v = (w, z) ∈ Ω 1 . Observe that by Proposition 3.1, if G · v is regular, then φ w (G 1 )z is regular, and if both φ w (G 1 )z and b(G)w are regular, then G·v is regular. For the moment we consider the regularity of the action (s, w) → b(s)w on Ω W .
To study this action we decompose Ω W as a product using polar coordinates: for w = (w 1 , w 2 , . . . , w p ) ∈ Ω W , put |w| = (|w 1 |, |w 2 |, . . . , |w p |) and sign(w) = (sign(w 1 ), sign(w 2 ), . . . , sign(w p )), and write w = (|w|, sign(w)). Now we have b(s)w = (|b(s)w|, sign(b(s)w)), or more explicitly,
It is clear that the action of G on |w| given by the characters |Λ j | is regular. Moreover, for each w ∈ Ω W , the stabilizer G(|w|) for this action is G 0 . Now apply Proposition 3.1 to the action defined by b on the fiber bundle Ω W with base space B = R * + × · · · × R * + (p times) and fiber {−1, 1} r × T p−r , and it follows that the orbit b(G)w in Ω W is regular if and only if the orbit b(G 0 )w = (|w|, sign(b(G 0 )w)) is regular. But since w has non-zero coordinates, it is well-known that
is locally closed if and only if
Similarly, for v = (w, z) ∈ Ω 1 we can write v = (|w|, sign(w), z), and thus regard Ω 1 as a fiber bundle over the same base space B, but now with fiber {−1, 1} r × T p−r × Z. Again by Proposition 2.1 we conclude that for each v ∈ Ω 1 , G·v is regular if and only if G 0 ·v is regular. We sum up these observations in the following. 
Moreover, for any v ∈ Ω 1 , G·v is regular if and only if G 0 ·v is regular.
We say that G satisfies the rationality condition if (4.5) holds.
Recall that we are looking for regular groups G: those for which almost all orbits are regular. Now for each v = (w, z) ∈ Ω 1 and for s ∈ G, s·v = (b(s)w, φ w (s)z), and the stabilizer of w is G 1 . Hence by Proposition 3.1, the G-orbit of v will be regular if both b(G)w and φ w (G 1 )z are regular. Having established a criterion for the regularity of b(G)w in Ω W , we turn now to the group G 1 .
Recall that G 1 = exp Γ 1 where Γ 1 = k + s 2πZB s and where {B 1 , B 2 , . . . , B m } is linearly independent modulo k. The following lemma gives an algorithm for constructing the elements {B 1 , B 2 , . . . , B m }, in the case where G satisfies the rationality condition. This result is essentially the same as that of [1, Lemma 5.1]; we give its proof here for completeness. For any subset S of Z, denote by gcd (S) the greatest common divisor of the nonzero elements of S.
Let v be a real vector space, let β 1 , . . . , β p be linear forms on v, and let k = ∩ p j=1 ker β j . Put Λ = {u ∈ v : β j (u) ∈ 2πZ}; Λ being closed, Λ/k is a lattice in v/k. Now assume that the linear forms β 1 , . . . , β p are rationally related:
Let B 1 , . . . , B m be a basis of v modulo k such that β j (B s
so that {β is : 1 ≤ s ≤ m} is a basis for (β j : 1 ≤ j ≤ p) R . Then there is an explicit construction of elements B m , B m−1 , . . . , B 1 ∈ v and linear forms f m , f m−1 , . . . , f 1 on v such that for any s = 1, 2, . . . , m, Suppose now that we have built B m , . . . , B s and f m , . . . , f s such that properties 1,. . . ,4 hold for any s ≤ t ≤ m. Then (β i 1 , . . . , β i s−1 , f s , . . . , f m ) is a free system in (β j : 1 ≤ j ≤ p) R , belonging to (β j : 1 ≤ j ≤ p) Q . Thus it is a basis for this Q-vector space. It is then possible to find
We can choose B s−1 such that β j (B s−1 ) ∈ Z for all 1 ≤ j ≤ p, and gcd (β j (B s−1 ) : j) = 1. Hence for s − 1, B s−1 satisfies the conditions 1 and 2. Now there are natural numbers a s−1,j such that
By construction f s−1 (B t ) = 0 for t > s − 1, and since B s−1 ∈ ∩ t≥s ker f t , then
Since also f t (B s−1 ) = 0 for t ≥ s, we see that the elements B m , . . . , B s−1 and linear forms f m , . . . , f s−1 satisfy condition 3. As for condition 4, 
Thus condition 4 is verified for s − 1, and the induction step is complete.
The following is immediate. Observe that, although the elements B 1 , . . . , B m are not nilpotent, the group G 1 is unipotent. Recall that given any T in the Lie algebra gl(V C ), we have unique elements s(T ) and n(T ) belonging to gl(V C ) such that s(T ) is semisimple, n(T ) is nilpotent, T = s(T ) + n(T ), and s(T ) and n(T ) commute with any elements commuting with T . If T ∈ g is identified with the complex, lower triangular block matrix as described above, then n(T ) is just the strictly lower triangular part of T . For T ∈ Γ 1 , we have exp s(T ) = 1 and hence exp T = exp n(T ). Now we set X s = n(B s ), 1 ≤ s ≤ m, and we have G 1 = exp Γ where
Put n = Vect R (Γ); then n consists of nilpotent elements and N = N (G 1 ) = exp n is an analytic unipotent group containing G 1 . We emphasize that both Γ 1 and n are intrinsically defined and do not depend upon the generators B s . Note also that N is abelian. If H is any analytic unipotent group containing G 1 with Lie algebra h, then for each 1 ≤ s ≤ m, there is Y ∈ h such that exp 2πX s = exp 2πB s = exp Y.
Since both X s and Y are nilpotent, then X s = Y . Hence exp RX s ⊂ H and it follows that N ⊆ H. Thus N is the smallest analytic unipotent subgroup of GL(V ) containing G 1 .
We remark that N is a closed Lie subgroup in GL(V ), G 1 is a closed Lie subgroup in G and a subgroup in N , but G 1 may not be a closed subgroup in N , as the following example shows.
Example 4.6. Take V = C 4 and let g be the commutative subalgebra with basis {A 1 , . . . , A 4 } where:
Then we have, up to complex conjugation, two purely imaginary roots λ j = iβ j , with
we see that G is not a closed Lie subgroup of GL(V ).
Observe that k = RA 3 + RA 4 . Following the algorithm of Lemma 4.4, we obtain B 2 = A 2 , and hence
Now Γ = k + 2πZX 1 + 2πZX 2 and so G 1 = exp Γ is the subgroup of GL(4, C) defined by
This is a closed Lie subgroup of G, but as subgroup of
it is not locally closed.
On the other hand, in the following example G 1 is closed in GL(V ), and yet we shall see in Example 4.12 that its orbits are almost everywhere non-regular.
Example 4.7. Take now V = C 2 ⊕R 3 , and let g be the commutative algebra (A 1 , A 2 ) R where:
Then we have, up to complex conjugation, three purely imaginary roots λ j = iβ j , with
Here k is trivial, Lemma 4.4 gives B j = A j , (j = 1, 2), and G 1 is the subgroup of GL(5, C) defined by:
This is a closed Lie subgroup of G, and a closed subgroup of
Standard facts about lattices yield the following. 
Proof. Since the exponential is a global homeomorphism from n onto N and N is closed in GL(V ), then the first equivalence is clear. Now denote by p : n −→ n/k the canonical projection. Then Γ = p −1 (p(Γ)) is closed if and only if p(Γ) is discrete, if and only if p(Γ) is a lattice in n/k.
But p(Γ) = 2π s Zp(X s ), and this is a lattice if and only if
Even though we do not suppose that G 1 is closed in N , we shall nevertheless study the action of N to get a criterion for the regularity of G. First, we define a Zariski open subset of V in which the action of N is easily described.
Fix a basis {Y 1 , · · · , Y r } for k. It is clear that the set {Y 1 , · · · , Y r , X 1 , X 2 , . . . , X m } spans n, though {X 1 , X 2 , . . . , X m } is not necessarily linearly independent. For the moment put Y r+s = X s , 1 ≤ s ≤ m. We linearly order all finite sequences of positive integers as follows. If j and j are any finite sequences of positive integers, we say that j < j if 1. |j| > |j |, or 2. if |j| = |j |, then for some r, j s = j s , 1 ≤ s < r and j r < j r . For each v ∈ V the Lie algebra of the stabilizer ∈ j then Y j ∈ n(v) ∩ n j + n j−1 . It follows inductively that ρ(Y j , v) belongs to n(v) ∩ n j , and in particular, that ρ(k, v) = k ∩ n(v) and hence η(k, v) = k ∩ m.
Write s = j − r; then {X s : s ∈ s} is linearly independent and for each s ∈ s,
Then we have a non-singular rational function Z u : Ω 0 −→ k ∩ m, and for each s ∈ s, a non-singular rational, real-valued function c s,u on Ω 0 , such that
Remark 4.9. Since G is abelian, n(s·v) = n(v), for any s ∈ G. Therefore, we also have j(s · v) = j(v) for any v, and Ω 0 is a G-invariant subset of V . Similarly, the projection functions ρ(·, v) and η(·, v) are G-invariant: for any s ∈ G, η(·, s · v) = η(·, v). Hence the functions c s,u are G-invariant.
We can now characterize regularity of a G 1 -orbit in terms of the explicitly computable objects above. 
The preceding shows that G 1 ·v is regular if and only if ∆(v) is closed. We return to our previously computed examples to illustrate the above. 
We have m = k = (A 3 , A 4 ) R , and we then get
Thus for all v ∈ Ω 0 , η(X s , v) = X s − ρ(X s , v) belongs to k. Observe that both η(Γ, v) = k and ∆(v) = n are closed, and hence the G 1 -orbit of v is regular (even though Γ is not closed.)
Example 4.12. Let us come back to Example 4.7. In this example, Γ = 2πZX 1 + 2πZX 2 and
Here an N -orbit has dimension at most one, the minimum index set is j = {1} and Ω 0 = {v ∈ V : j(v) = j} = {[v 1 , . . . , v 5 ] t : v 3 = 0}.
For v ∈ Ω 0 we have
hence η(Γ, v) = {2π(k 1 + v 4 v 3 k 2 )X 1 : k 1 , k 2 ∈ Z} and
Both are not closed for any v in the dense, conull set U 0 = {v ∈ V : v 3 = 0,
/ ∈ Q}, (even though Γ is closed) and every orbit in U 0 is not regular.
In the preceding examples, either Ω 0 is G 1 -regular (Example 4.6), or almost all orbits in Ω 0 are not regular (Example 4.7). The following shows that these are the only possibilities for Ω 0 . Moreover, we see that if Ω 0 is regular, then the function ∆ : Ω 0 −→ P(n) is constant.
Lemma 4.13. The following are equivalent.
1. Ω 0 is G 1 -regular. 2. ∆(v) is independent of v ∈ Ω 0 and is a closed subset of gl(V ). 3. Each of the rational functions c s,u , s ∈ s, u / ∈ s, is constant and takes a rational value.
Moreover, if Ω 0 is not G 1 -regular, then there is a conull G-invariant G δ subset of Ω 0 in which all G 1 -orbits are not regular.
Proof. Suppose that Ω 0 is G 1 -regular. By Lemma 4.10, η(Γ, v) is closed for all v ∈ Ω 0 . Referring to the expression (4.6) for η(Γ, v), we see that each of the values c s,u (v) in this expression must be a rational number. Since c s,u is a real-valued, rational function on an open set that takes only rational values, it must be constant. Hence for each u / ∈ s we have b s,u ∈ Q, s ∈ s such that c s,u (v) = b s,u holds for all v ∈ Ω 0 and we can write Thus ∆(v) is a closed subset of gl(V ), independent of v ∈ Ω 0 . Now suppose that Ω 0 is not G 1 -regular, so for some v 0 ∈ Ω 0 , η(Γ, v 0 ) is not closed. This means that for some s ∈ s and some u / ∈ s, the value c s,u (v 0 ) of the rational function c s,u is an irrational number. It follows that ∆(v 0 ) is not closed, and that the non-empty set If Ω is G-regular, then Ω 0 is G 1 -regular while if Ω 0 is not G 1 -regular, then there is a G-invariant, conull, G δ subset U in V such that any G-orbit O in U is not regular.
(b) Suppose that G satisfies the rationality condition; then the following are equivalent:
1. Ω is G-regular, 2. Ω 0 is G 1 -regular, 3. the set-valued function v → ∆(v) is constant and its value is a closed subset of gl(V ).
Proof. Suppose that Ω 0 is not G 1 regular. Then by Lemma 4.13, we have a conull, G-invariant G δ -set U 0 in Ω 0 such that every G 1 -orbit in U 0 is not regular. Now U = U 0 ∩ Ω is a G-invariant, conull G δ subset in which every orbit is not regular. This proves the first part of the theorem. As for part 2, recall that by Lemma 4.13, G 1 -regularity of Ω 0 is equivalent with the condition that ∆(v) does not depend upon v ∈ Ω and is closed. Suppose Ω 0 is G 1 -regular and that G satisfies the rationality condition. Let v = (w, z) ∈ Ω with O = G·v, O 0 = b(G)w and ω = φ w (G 1 )z. By Lemma 4.3, O 0 is regular, and since G 1 ·v is regular then ω is regular. Hence by Proposition 3.1, O is regular. This completes the proof.
